We study the second-order Raman process of mono-and few-layer MoTe2, by combining ab initio density functional perturbation calculations with experimental Raman spectroscopy using 532, 633 and 785 nm excitation lasers. The calculated electronic band structure and the density of states show that the electron-photon resonance process occurs at the high-symmetry M point in the Brillouin zone, where a strong optical absorption occurs by a logarithmic Van-Hove singularity. Double resonance Raman scattering with inter-valley electron-phonon coupling connects two of the three inequivalent M points in the Brillouin zone, giving rise to second-order Raman peaks due to the M point phonons. The predicted frequencies of the second-order Raman peaks agree with the observed peak positions that cannot be assigned in terms of a first-order process. Our study attempts to supply a basic understanding of the second-order Raman process occurring in transition metal dichalcogenides (TMDs) and may provide additional information both on the lattice dynamics and optical processes especially for TMDs with small energy band gaps such as MoTe2 or at high laser excitation energy.
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I. INTRODUCTION
Transition metal dichalcogenides (TMDs) have been intensively studied over past decades, and recently started to attract tremendous renewed attention for a number of applications [1] [2] [3] [4] [5] , owing to their many advantages over graphene, including the naturally existing band gap of TMDs. MoTe 2 among TMDs takes on a special position because of many aspects. For example, MoTe 2 has a stronger spin-orbit coupling than other Mo related TMD materials MoX 2 (X = S, Se), which possibly leads to concomitantly longer decoherence times for exciton valley and spin indexes 5 and may offer promise for an ideal valleytronic device 6 . Unlike other TMDs, MoTe 2 has unique structural properties, such as a thermally-induced structural phase transition at around 900
• C from the α-phase to the β-phase which is concurrent with a diamagnetic semiconductor to paramagnetic metal transition 7, 8 . More importantly, MoTe 2 has the smallest direct band gap (∼ 1.1 eV) around the K point (hexagonal corner) in the Brillouin zone among all possible semiconducting TMDs, and the band gap is comparable to the indirect gap (∼ 1.1 eV) of silicon 9 and seems more suitable for nanoelectronics application 4, 5 . Due to the smallest band gap, MoTe 2 was also considered as an ideal system for studying exciton effects at the K points 10 and the photon-induced lattice dynamics of TMDs. Recent Raman spectroscopy studies of monolayer and few layer MoTe 2 using visible light (1.9 ∼ 2.5 eV) show that there exists some unassigned Raman-active peaks which can not be assigned to a first-order Raman process 5, 11 , and this is the subject of the present paper.
Study of the lattice dynamics of TMDs, not in atomic layers, but in three-dimensional (3D) crystals TMDs has been active for several decades [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The first-order Raman process in 3D TMDs has been widely investigated and is now well understood 11, 16, 17, 19, [25] [26] [27] [28] [29] . However, the study of resonance Raman scattering in terms of secondorder processes has been far from clear 13, 20, 21, [30] [31] [32] . Stacy et al. 21 and many other groups 13, 24, [33] [34] [35] [36] assigned some of the Raman peaks of MoS 2 to either combination or overtone second-order modes occurring at the high-symmetry M point in the Brillouin zone. Terrones et al.
32 also assigned phonon modes in WSe 2 according to the M point phonon. On the other hand, Sourisseau et al. 22, 23 ascribed the second-order Raman process of WS 2 to K point phonons. Berkdemir et al. 37 considered that electrons are scattered by the M point phonons between the K point and one point between the K and Γ point (hereafter called the I point as shown in Fig. 2(a) ), and that this process is responsible for the double-resonant Raman process in few layer WS 2 with an energy gap ∼1.9 eV. Furthermore, Sekine et al. 20 found a dispersive Raman peak in 2H-MoS 2 and interpreted this peak in terms of a two-phonon Raman process at the K point with the phonons propagating along the direction normal to the MoS 2 plane. The different assignments for both MoS 2 and WS 2 either at the high-symmetry M or K point have been reasonable but not well investigated since most of these assignments to second-order Raman peaks have been made merely by comparing phonon frequencies with reference to some inelastic neutron scattering results 14, 23 . Thus a detailed analysis of double resonance Raman theory is definitely needed, especially for understanding mono-and few layer MoTe 2 .
In the present paper, we study the lattice dynamics of monolayer and few layer MoTe 2 , and in particular we explore the second-order Raman spectrum, based on ab initio electronic band calculations, density functional perturbation theory and associated experimental Raman spectroscopy studies. From the electronic band structure calculation, we have found a saddle point energy dispersion at the high-symmetry M points in the Brillouin zone (BZ), which gives rise to two dimensional (2D) Van Hove singularity (VHS) peaks in the electronic density of states. These VHS peaks separations (2.30 and 2.07 eV) calculated in this paper are important for the 532 nm (2.33 eV) and 633 nm (1.96 eV) laser excitations in which a vertical electron-photon process occurs at the M points and an inter-valley electron-phonon scattering process occurs between two inequivalent M (M, M ′ , M ′′ ) points. We propose that this double resonance process occurring at the M points is essential for the interpretation of the observed second-order Raman peaks of MoTe 2 . The experimental second-order Raman frequencies as a function of layer number and laser excitation energies, which are also discussed in this paper for comparison, substantiate our proposed interpretation of the experimental double resonance Raman spectra. This study may present a universal concept towards further understanding the lattice dynamics and optical processes in TMD materials with small energy band gaps, such as MoTe 2 , or at high laser excitation energies.
II. COMPUTATIONAL DETAILS
We performed the electronic and phonon energy dispersion calculations on monolayer and few layer MoTe 2 by using first-principles density functional theory within the local density approximation (LDA) as implemented in the Quantum-Espresso code 38 . The structures of monolayer and few layer of MoTe 2 are the same as those used and described by Yamamoto et al. 11 . The AA ′ and AA ′ A stacking geometries are used in the computational study for bi-layer and tri-layer MoTe 2 , respectively, since they are more stable than the other possibilities 39 . AA ′ stacking refers to the geometry which has a Mo (Te) atom of one layer on top of a Te (Mo) atom of the other layer. The few-layer MoTe 2 unit cells are separated from one another by 25Å of vacuum space to eliminate the inter-few-layer interaction. We used projector augmented-wave (PAW) pseudopotentials 40 with a planewave cutoff energy of 65 Ry to describe the interaction between electrons and ions. The spin-orbit split electronic band structures were calculated by fully relativistic pseudopotentials derived from an atomic Dirac-like equation. The atomic coordinates are fully relaxed until the atomic force is less than 10 −5 Ry/Bohr. The lattice parameters used in this paper are listed in Table S1 and agree reasonably well with the experimental data and the values obtained from other calculations 27, 41, 42 . The Monkhorst-Pack scheme 43 is used to sample the Brillouin zone over a 17×17×1 k-mesh for few-layer MoTe 2 . The phonon energy dispersion relations of MoTe 2 were calculated based on density functional perturbation theory. In order to visualize the vibrational modes at the M point, we use a 2×2×1 supercell in which the M point is zonefolded to the Γ point in the folded BZ.
The optical absorption spectrum is calculated by the real (ǫ ′ ) and imaginary (ǫ ′′ ) parts of the dielectric function as a function of photon energy, respectively, based on the PAW methodology 44 and the conventional KramersKronig transformation. The absorption coefficient α is described by α = 4πκE/(hc), where E is the energy of the incident light, h the Planck constant, c the speed of light, and κ is the extinction coefficient
III. EXPERIMENTAL METHOD
Bulk crystals of α-MoTe 2 were prepared through a chemical vapor transport method 46 . Atomically thin crystals of MoTe 2 were mechanically exfoliated from the bulk crystals onto silicon substrates with 90 nm-thick oxides on top. The thicknesses of the atomic crystals were identified using optical microscopy and first-order Raman spectroscopy 11 . Raman spectroscopy for monolayer MoTe 2 was performed using 532, 633 and 785 nm excitation lasers for discussing the observed phonon dispersion due to double resonance Raman theory 47 . Raman spectroscopy of few-layer MoTe 2 under 532 nm excitation laser was also performed and the results are given in the supporting materials. The grating sizes were 1200, 1800 and 2400 lines/mm for the 785, 633 and 532 nm laser excitation measurements, respectively. The magnification of the objective lens was 100x. The accumulation times were 150-200 seconds. The laser power was kept below 0.1 mW, 0.2 mW and 3.0 mW for the 532, 633 and 785 nm excitation lasers, respectively, in order not to damage the samples. All measurements were performed at room temperature in the backscattering configuration. Since this paper gives greater emphasis to a theoretical understanding of the 2nd-order Raman scattering processes, we do not present many experimental details. However, more details about the characterization of the number of layers in MoTe 2 samples can be obtained in one of the previous work on MoTe 2 synthesis and characterization, based on the first order Raman spectra 11 . mode and the out-of-plane A 1g mode for monolayer and few layer MoTe 2 , and the E 1g mode and the B 1 2g mode for bi-and tri-layer MoTe 2 , as observed previously 5, 11 . These peaks can be assigned to the first-order Raman process of the Γ point phonons 11 . However, we observe additional peaks with relatively small intensities, which can not be assigned as first-order Raman modes 11 . In Fig. 1(a) , we denote the non-first order Raman peaks as ω i (i = 1, 2, ..., 6).
IV. RESULTS AND DISCUSSION
Since the second-order process is, in general, dispersive as a function of excitation energy, we performed Raman spectroscopy measurements using different excitation laser energies. Raman spectra of monolayer MoTe 2 under 532 nm (2.33 eV), 633 nm (1.96 eV) and 785 nm (1.58 eV) excitations is shown in Fig. 1(b) . Here the Raman intensities are normalized using the non-resonant Si peak intensity at 520 cm −1 . We find that the peak positions and intensities of the Raman modes ω i vary differently by up to several cm −1 for different excitation energies, suggesting that these peaks are from a secondorder Raman process.
Considering that the second-order process is usually connected to electronic properties by double resonance Raman theory 47 , we first calculate the electronic band structure, the density of states (DOS) and the related optical absorption of monolayer MoTe 2 . Our calculated electronic band structure reproduces the main observed features quite well 27, 48, 49 including the direct electronic band gap and a spin-orbit splitting (∼230 meV close to 250 meV from the optical absorption measurements. 49 ) at the K point, as seen from Fig. 2(a) . The parabolic bands with their top/bottom extrema located at the K point, which give a direct energy band gap, leads to a constant and relatively small value of the two-dimensional (2D) DOS, while the saddle points at the M point give rise to logarithmic log|E -E 0 | divergence -Van Hove Singularity (VHS) peaks of the DOS in 2D systems, as indicated in the right side of Fig. 2(a) . An electron-photon resonance shall be anticipated between valence band and conduction band at M point when laser energy matches the energy separation of the VHS peaks.
The electron-photon resonance can possibly be seen from the optical absorption spectrum, too. In Fig. 2(b) , we show the calculated real and imaginary part of the dielectric constant of ǫ ′ , ǫ ′′ and the optical absorption α. The calculated dielectric function shows its first observable peak in the ǫ ′′ at the lowest photon energy E γ of around 1.00 eV, and a much more pronounced peak at E γ of around 1.70 eV. It is noted, however, that the band gap between the valence band and the conduction band is generally underestimated by the local density functional method. In fact, the experimental value of the first peak of the optical absorption in monolayer MoTe 2 49 is at around 1.10 eV, which is slightly higher than the 1.00 eV at the K point from our calculations. A rigid upshift of all the conduction bands by 0.10 eV is therefore made for the energy bands and the DOS in Fig. 2(a) to fit the experimental value. After this upshifting, a strong optical absorption at 1.80 eV from our calculation agrees well with the large peak at around 1.83 eV from the optical absorption measurement on monolayer MoTe 2 by Ruppert et al. 49 . Moreover, the vertical electronic excitation with an energy of 2.30 eV (2.07 eV) from the second (first) valence band to the lowest (second lowest) conduction band at the M point matches very well with the laser energy (2.33 eV and 1.96 eV) used in our ex- periment. An electron-photon resonance at these laser energies shall also be anticipated, as indicated by pink and green arrows in the band structure of Fig. 2(a) .
To have an overview of the electronic bands contributing to the electron-photon resonance process, we also show the energy distribution of the two lowest conduction bands (highlighted in red and blue in Fig. 2(a) ) in the whole BZ, and especially, an equi-energy contour plot in Fig. 2(c) within a narrow energy range (∼ 0.1 eV), corresponding to the conduction band saddle point and the DOS VHSs, as marked in Fig. 2(a) . The contour lines show a good view of the energy saddle profile in the vicinity of the M point. That is, the band energy E c1 band (E c2 band ) starting from the M point monotonically decreases (increases) along the M-K direction, whereas this band energy increases (decreases) along the M-Γ direction. Besides, the contour lines appear to take different shape (elliptical, hourglass-like and hexagon-like) around the M point for laser excitation energies of 2.33 eV, 1.96 eV and 1.58 eV (Fig. 2(c) ), respectively, and increases with the decreasing laser energy, suggesting that electron-photon resonance process is sensitively depen- This process is expected to generate two phonons ( ωp1, -q) and ( ωp2, q), and both scenarios give rise to a second-order Raman process. dent on the laser energy and the band in the vicinity of the M point plays a central role. This situation is very distinct from the case of graphene in which the equienergy contour is almost circular and becomes smaller with decreasing laser energy.
If the laser excitation energy matches the energy difference at the M point, a large electronic density of states at the M point satisfies the inter-valley electron-phonon resonance condition, and we expect that many excited electrons at the M point can be strongly scattered to the inequivalent M ′ or M ′′ points by an inter-valley scattering process, as shown in Fig. 3(a) . The inter-valley electronphonon resonance, together with the vertical electronphoton resonance, gives rise to a double resonance Raman process. Selecting one from three possible intervalley transitions (M−→M ′ or M−→M ′′ or M ′ −→M ′′ ), we show the schematics of the double resonance process in Fig. 3(b) . A photo-excited electron will be scattered from M to M ′ by a phonon with energy ω p1 and momentum − q, which conserves the energy and momentum of both the electron and the phonon, and then for momentum conservation during an elastic scattering process, the electron shall be scattered back to M by losing energy ω p2 and momentum + q to another phonon. As analyzed in the Fig. 3(a) , the momentum q of the generated phonon coming from the electron-phonon resonance process can only have a magnitude of
all possible phonon modes related to the inter-valley transitions can be searched for and analyzed at the M point. The two phonons generated in this process shall give rise to second-order Raman peaks.
To specify the phonons contributing to the secondorder Raman process, we analyzed all possible intervalley phonon vectors q MM ′ for the three laser energies and calculated phonon spectra of monolayer MoTe 2 , as shown in Figure 4 . For the laser with energy of 2.33 eV, we analyze all possible q MM ′ between two elliptical equi-energy contour lines at the M points in the left panel of Fig. 4(a) . The heavily overlapping area shows that the most probable phonon vectors appear right at the M point. Other phonon vectors, such as q M ′ M ′′ and q MM ′′ , are expected to be similar to q MM ′ and therefore are not given here. In Fig. 4(b) , we show the calculated phonon dispersion relations of monolayer MoTe 2 for Raman peak assignment. The symmetry for each phonon band, such as E 1 2g and E 1g according to these counterpart modes in bulk MoTe 2 , is given in Fig. 4(b) . Here LA, TA and ZA refer to the longitudinal, transverse and out-of-plane acoustic modes, respectively. We have tentatively assigned the experimental Raman peaks to some combinations of two eigen-modes at the M point, which are listed in Table 1 . Arrows with color and direction are used, and the red, green, blue, purple, magenta, and cyan arrows are used for modes ω i (i = 1, 2, ..., 6), respectively. Downward arrows with an a "-" superscript represent a process with one phonon annihilated and one phonon created to generate difference modes, while upward arrows with the "+" or "2" superscripts are used for a process where two phonons are created to generate combination or overtone modes. For example, ω 1 is assigned to either the ω For the double resonance Raman process, the Raman shifts depend on the laser energy along the phonon dispersion 47 . By reducing the laser energy from 2.33 eV via 1.96 eV to 1.58 eV, we have already seen in Fig. 2(c) that the equi-energy contours for both 1.96 and 1.58 eV laser lines take different shapes from and is larger than that for 2.33 eV. Then we expect that phonon generation arises not only from the M point, but also from the vicinity of the Brillouin zone near the M point, which is indeed the case, as seen from Fig. 4(a) . In the central and right panel of Fig. 4(a) , all possible inter-valley transition phonon vectors q MM ′ are collected and shown in a heavily overlapping spider-like and butterfly-like area, respectively. The relatively dark region within the area indicates that (1) the most probable phonon vectors coming out of the 1.96 eV laser energy appear both at the M point and in the vicinity of the M point (approximately by lengths of MK (for Eγ = 1.96 eV). (b) The phonon dispersion relations of a MoTe2 monolayer. The second-order phonon modes are first analyzed at the M point for the laser energy Eγ = 2.33 eV and 1.96 eV, and then at two k points marked by two vertical dashed lines which are shifted leftward and rightward from the M point for the laser energy Eγ = 1.58 eV and 1.96 eV, respectively, as indicated on top by horizontal arrows. The red, green, blue, purple, magenta, and cyan vertical arrows are used for modes ω1, ω2, ω3, ω4, ω5, and ω6, respectively. The superscripts "+", "-", and "2" for ω refer to possible "combination modes" (i.e. ω and (2) the most probable phonon vectors coming out of the 1.58 eV laser energy appear in the vicinity of the M point along both the M ′ M ′′ and MM ′′ directions (approximately by lengths of 10%M ′ M ′′ and 6.5%MM ′′ away from the M ′′ point, respectively). To evaluate the Raman frequency change at both the 1.96 eV and the 1.58 eV laser energies, we start from the second-order Raman modes assigned to the M point at the laser energy of 2.33 eV in Fig. 4(b) . The phonon dispersion relation shows a very small dispersion near the M point, suggesting that the frequency cannot change much. This agrees well with the experimental results for all three laser energies of 2.33 Table I : Phonon frequencies at the singular points in the first-and second-order Raman spectra of monolayer MoTe2. A frequency comparison is given between the experimentally unassigned modes ωi (i = 1, 2, ..., 6) at three different laser energies Eγ (values given in the table in units of eV) and our calculated second-order phonon spectrum both at the M point and slightly away from the M point denoted by (off M) by a length of approximately 1 3 
MK and 10%MM
′ for the 1.96 eV and 1.58 eV laser line, respectively, as well as between first-order phonon frequencies from our experiment and calculation. The different behavior for 1.58 eV, 1.96 eV and 2.33 eV between the experiment and the theory are underlined. The frequency is given in units of cm −1 . Table 1 . The dependence of the second-order frequencies on the laser energy from our calculations agrees reasonably well with those that come from our experimental measurements, even though the dispersion is small.
A quantitative comparison of the ω i values between the experimental observations and possible phonon modes predicted from the calculations in Fig. 4(b) is summarized in Table 1 . We note first that, good agreement is obtained between the experimental and the calculated values for the first-order Raman frequencies, which shows that a reliable potential was used in our calculation.
Next we go over to possible phonon assignments of the second-order Raman modes. Changing the laser energy can help further clarify some of the cases listed in Table  1 . Along with reducing the laser energy from 2.33 eV to 1.58 eV, the experimental peak positions of ω i are upshifted or downshifted by a magnitude of about 1-3 cm −1 . Our theoretical assignment of ω i remains in reasonable agreement with the experimental results. When the laser energy is changed from 2.33 eV/1.58eV to 1.96 eV, most of the theoretical assignments still stand in line with the experimental data, except for ω 4 and ω 5 . The peak-shift magnitude of ω 5 is up to 5 cm −1 , whereas ω 4 , as is also seen from Figure 1 , has a vanishingly weak peak and undetermined value. Meanwhile, we notice from Fig. 4(b) that all the phonon modes at the M point except for A 1g (M) has a VHS of phonon density of states (PhDOS). As expected, a small value of PhDOS due to A 1g at the M point may help exclude the contribution of A 1g (M) to ω 5 on one hand and confirm ω 4 arising from A 1g (M) on the other hand. Also worth noting that the weakening and broadening of ω 4 at the 633 nm and 785 nm laser lines is concurrent with the enhanced Raman intensity of A 1g at the Γ point. The laser-excited electron may choose between an intra-valley scattering process (A 1g (Γ)) and an inter-valley scattering process (A 1g (M)), so that A 1g (M) is most likely to compete with A 1g (Γ), resulting in the opposite intensity change of A 1g (Γ) and ω 4 , which further supports our assignment of the ω 4 mode. The different behaviors between the experimental data and the theoretical assignment of the second-order phonon modes are underlined in Table 1 . From this table, we obviously see the contributions of the TA modes at the M point to the second-order Raman process. Usually, the TA modes around the Γ point have a negligible contribution to the deformation potential compared to the LA modes. Nevertheless, this seems not to be the case at the M point, as seen from the mode visualization in Fig. 5 .
In Fig. 5 , we show the vibrational displacement of the M point phonons in which the phonon vibration exhibits the 2×2 periodicity of the unit cell at the Γ point. As seen from Fig. 4(b) , the two groups of optical phonon modes (E cm −1 . The visualization of these M point phonon modes shows that the upper frequency group between 230 and 300 cm −1 has its vibrational modes moving outward by stretching the Mo-Te bond. The lower frequency group from 120 to 180 cm −1 arises from the relative motion of two Te atoms occupying the same sublattice site. These vibrational modes at the M point contributing to the 2nd-order overtone, combination and difference modes are all Raman active. Furthermore, the vibrational magnitude of the TA modes is no less than that of the LA modes, suggesting that the TA modes may also induce as big a deformation potential as the LA modes in the electronphonon resonance process.
Finally, we want to discuss more on the electronphoton resonance in MoTe 2 . In contrast to the assignment of the electron-photon resonance of similar TMDs 32,37,50 and possible excitonic effects 51, 52 at the K Table 2 , all have a similar size of direct band gap at the K point (close to 2.0 eV), and the minimum band gap at the M point for these TMDs lies above 3.0 eV. The laser energies experimentally used are mostly concentrated in the range from 1.83 to 2.41 eV, which strongly indicating the importance of considering the K point electron-photon-excitation for MoS 2 , WS 2 and WSe 2 . However, the conventional laser lines that are used experimentally for MoTe 2 have energies sufficiently large compared with the K-point band gap, but instead lie close to the band gaps at the M point. (c) Although we did not consider in MoTe 2 the exciton effect at the M point explicitly as K.F. Mak et al. 54 did in graphene, we believe that the present discussion of the double resonance Raman effect should work well within the limits of the present calculation, because only optical transition matrix elements in the resonant Raman process are enhanced by the exciton effect, and the Raman spectra thus obtained do not change much for the M point. 55, 56 .
V. CONCLUSION
In summary, we have investigated the lattice dynamics of MoTe 2 systems, based on an ab initio density functional calculation and the results of experimental Raman spectroscopy. The calculated electronic bands, the Van Hove singularities in the density of states, and the absorption peaks indicate an electron-photon resonance at the M point. The assignment of the electron-photon resonance at the M point, other than at the K point, seems reasonable for MoTe 2 based on evaluating the energy match between the band energy differences and the laser lines used, and is further substantiated by a comparison with the reported results on other TMD systems. During the electron-phonon resonance process, combination bands of phonons with Γ−M momentum are analyzed and we may therefore identify the experimental Raman modes of ω i (i = 1, 2, ..., 6) with specific harmonics and combination/difference modes. This study may thus facilitate a better understanding of the lattice dynamics and the second-order process, in particular in TMD systems, in terms of the double-resonance Raman scattering process. With the smallest band gap energy among all semiconducting TMD systems, MoTe 2 may serve as an ideal platform for studying the lattice dynamics and possibly the exciton effects related to the M saddle point by using conventional laser lines.
